Methematical Talent Search Corner

Problems and Solutions to INMO-2020

1. Let;and [ ,be two circles of unequal radii, with centr@® and O, respectivelyin the
plane intersecting in two distinct poirdsandB. Assume that the centre of each of the circles

[',and [ ,is outside the othefhe tangent td ; atB intersectd , again inC, different from
B; the tangent td , at B intersects; again inD, different fromB. The bisectors of IDAB

and UCAB meetl"; andl", again inXandY , respectivelydifferent fromA. LetP andQ be
the circumcentres of trianglé&CD andXAY , respectivelyProve thaPQ is the perpendicular

bisector of the line segme@,O, .
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Let UHCBAa and ODBAB .ThenOBDA a and OBCAB .We also observe that
DAQO: 0 AQB/2)a  and, simiarly JAO,OF B . Hence

0O,AQs 180 @+ ).

We also have

PO, A DD201A_ 2D[2)BA_D DEAB

Hence OPQO- 0O PQrAl AGQG+a . Similarly, we can getlPO,CFa+f . It

follows thatP lies on the perpendicular bisector@fO, .
Now we observe that

OXQ¥ 360~ 2 XAY 366 £ 180u-B 3 ofp
This gives

DXQY

I0QCF (1 X@A YoM —T=a+p

This shows tha#, O,, O,, Q are concyclicWe also have

OABX- 0 ABD] DBg+0 Bpx  HDAB.

OABY O ABCI GBY+O =@ay HBAC,
Adding we obtain
OABX 0 ABM +pB+ 32;( DAB BA(p+  (t86-p = ) 180.
HenceX, B, Y are collinearNow

[QAX %(1800—D AQY odp

OXAO= (180°—D XQ# 96 —%( 366 02 ABY1  ABX 9t

Hence
OQAGCE 90-B+0 ABX 9€0 ABX= DDZAB Doleoz .
This shows thafQ bisects[1O, AQ,and therefore the chord9Q, and QO, subtend equal
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angles on the circumference of the circle passing thr@@hAQ. HenceQO, = QQ. This
meanQ lies on the perpendicular bisector©f0, .

Combining, we get th&Q s the perpendicular bisector &0, .
2. SupposeP(x) is a polynomial with real coefficients satsfying the condition

P(cost + sinB) =P( coH - sirf), for every reald. Prove thaP(x) can be expressed in
the form

P(x)=a+ ai(l— )3)2 + q(l— %)4 +..+ g(l— %)zn,
for some real numbers,, a,, a,,..., g,and nonnegative integar

Solution: Changinggto 6 - TVZ, we see that
P(sin6+ cosd) =P( sinb - co$)
This shows thaP(x) = P(=X) for all XDE \/E\/_Z} and as P is a polynomial, in fact,

P(x)=P(~¥
for all xOR . HenceP(x) is an even polynomiaf ( ) = Q( ¥ ) for some polynomiaQ ( x).
This gives
Q(1+sin( P)) =P( cod + sirf) =P( co®- sif) = % sin §).
Taking t =sin(29), we see thaQ(1+t) =Q(1-t). HenceQ(0) = Q(2)
ConsiderQ(t) - Q(0). This vanishes both 4t=0 andt = 2. Hencet (2~t)is a factor of
Q(t)-Q(0). We obtain
Q()-Q(0) =t(2- (3
for some polynomiah(t). Using Q(1+t) =Q(1-t), it follows thath(1+t) = h(1-t).

Hence by induction we get

Q)= 0t (2-1)".
Hence _

P(x)= Q%) =3 b(#(2- ) =3 plt-{1- 7))

Using binomial theorem, we can write this as
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P(x) =Y a (1-%)",
k=0

for some coefficients, ,0< k< n.
3.LetXx={0,1, 2,3,4,5,6,7,8,9}. L& [ Xbe such that any nonnegative integean be
written asp + g where the nonnegative integersl have all their digits its. Find the smallest
possible number of elementsSn
Solution: We show that 5 numbers will dige. TakeS={0, 1, 3, 4, 6}. Observe the following
splitting:

ol N|o|u| s w| N Rl oS
M wwlkr R orololw

OBl W A W W RLRP OO

©
w

Thus each digit in a given nonnegative integer is split according to the above and can be written
as a sum of two numbers each having digitS in

We show tha{S| > 4. SupposdS|< 4. We may takdS| =4 as adding extra numbers $o

does not alter our argument. L®t {a, b, ¢, d}. Since the last digit can be any one of the
numbers 0, 1, 2, ..., 9, we must be able to write this as a sum of digif§ frmdulo 10. Thus
the collection

A={x+y(mod19 |x,yd $

must contain {0, 1, 2, . .., 9} as a subset. Bhas at most 10 elemer(t@g) + 4) . Thus each

element of the form +y (mod 10), ag, y vary overS, must give different numbers from {0, 1,
2,...,9%L

Considera+ a, b+ b, c+c,d+dmodulo 10. They must give 4 even numbers. Hence the
remaining even number must be from the remaining 6 elements obtained by adding two distinct
members of. We may assume that even numbex +sb (mod 10) Thena, b must have same
parity. If any one of;, d has same parity as thatayfthen its sum with a gives an even number
which is impossible. Henag d must have same parityn which case +d (mod 10) is even,

which leads to a contradictiowe conclude thallS| >5.

4. Letn=3be an integer and ldi<a, <&, < 8, < & <...< § ben real numbers such that

ata,+a+...+3 =2n. Prove that
3d...d,t 3.3 ,* ..+ 33+ a+2< 33...£
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Solution: We use Chebyshes/inequality Observe
n(aa..g,+aa..3.,+.+ a+l
=(ad-a.+ag-a,*-+a+r¥(a.-3H{ a.-}+-A a-))
sn(aiaz...q_l( g-1)+.+a(a-3+1 q—:))
<n(aa..a-1.

It follows that

aa,.8_,ta4a..4.,+..+ g+l<ga..p-1
This gives the required inequality
5. Infinitely many equidistant parallel lines are drawn in the plammsitive integemn > 3 is
calledframeabléf it is possible to draw a regular polygon with n sides all whose vertices lie on

these lines and no line contains more than one vertex of the polygon.
(a) Show that 3, 4, 6 afeameable

(b) Show that any integem=7 is not frameable.

(c) Determine whether 5 fsameable

Solution: Forn= 3, 4, 6 it is possible to draw regular polygons with vertices on the parallel
lines (note that when we show a regular hexagon is a framed polygon, itincludes the equilateral
triangle case).

Figure 1:
e
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Figure 2:
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Figure 3:

We will prove that it is not possible far= 7. In fact, we prove a stronger statement that
we can not draw other polygons with vertices on the lines (even if we allow more than one
vertex to lie on the same line).

First observe that &, B are points on the lines a@ds another point on a line, if we locate

Az

Figure 4:

f: A By

By a

Figure 5:

pointD such thatCD is parallel and equal #B, thenD also lies on a line. Suppose that we
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have a regular polygoA A,... A , wheren = 6, with all the vertices on the grid lines. Choose

a pointO on a grid line and draw segme@B, equal and parallel té A, fori =1,2,..n -1
andOB, parallel and equal t& A .. The pointsB, also lie on the grid lines and form a regular

polygon with n sides. Consider the rdtie % . Sincen> 6, the0B OBs  360° / 6and

hence is the smallest angle in the triarij®B, (note that the trianglB, OB, is isosceles). Thus

k < 1. Hence starting with a polygon with vertices on grid lines, we obtain another polygon with
ratio of side lengthk< 1. Repeating this process, we obtain a polygon with vertices on grid lines
with ratio of side&™for any m. This is a contradiction since the length of the side of a polygon
with vertices on grid lines can not be less than the distance between the parallel lines.

Thus forn > 6, we can not draw a polygon with vertices on the grid lines.

The above proof fails fan = 5. In this case, dra@B,, Ol?i parallel and equal t& A, in

opposite directions (see Figure 5), and similarly for other sides. Then we obtain a regular decagon
with vertices on the grid lines and we have proved that this is impossible.

6. A strominois a 3 x 1 rectangle. Show that a 5 x 5 board divided into twenty-five 1 x 1
squares cannot be covered byst®minossuch that eacktrominocovers exactly three unit
squares of the board and every unit square is covered by either one strotwimos (A
strominocan be placed either horizontally or vertically on the board.)

Solution: Suppose on the contrary that it is possible to cover the board with 16 strominos
such that each unit square is covered by either one or two strominos. If tHesgaaees that
are covered by exactly one stromino then 2(Rb+k = 163 = 48 and hende= 2. Thus there
are exactly two squares which are covered by only one strov@aolour the board with
three colours red, blue, green as follows. The square corresponding-tb tbev and thg-th
column is coloured red if+j = 0 (mod 3), green if+j = 1 (mod 3) and blue otherwise. Then
there are 9 red squares, 8 green squares and 8 blue squares. Note that each stromino covers
exactly one square of each cololinerefore the two squares that are covered by only one
stromino are both red. For each such squar¢ = 0 (mod 3) wheré andj are its row and
column number

We now colour the board with a ftifent schemeaNe colour the square corresponding to
thei-th row and thg-th column red ifi —j = (mod 3), green if —j = 1 (mod 3) and blue
otherwise.

Again, there are 9 red squares and hence the two squares covered by only one stromino
are both red. For each such squarg = 0 (mod 3) wheré andj are its row and columne
number Thus, each of the two squares covered by only one stromino siati$fie® (mod 3)
andi —j = 0 (mod 3) wheréandj are its row and column numb@&his implies that =j = 3.

This is a contradiction because there is only one such square.
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