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1. Suppos« is a nonzero real number such that b&tand 2& + S are rational numbers.

Prove thak is a rational number
Solution : Sincex® is rational, we see that (80 and /19y are rational numbers. But
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Using 2& + (19)# is rational, we get
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is rational. This leads to
TIL] 2y 4
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is also rationalThusT is a rational number anbz0. We conclude that 36(19k) is a
rational numbeiThis combined with the given condition thak20(19K) is rational shows
2:20x s rational. Thereforg is rational.

2. LetABCbe atriangle with circumcirci@ and letG be the centroid of triangkBC. Extend
AG BGandCGto meet the circl€ again inA, B, andC,, respectivelySupposé&IBAC
= JAB,C,, DABC=0ACB, andJACB = 0B,AC,. Prove thatABC andA B,C, are
equilateral triangles.

Solution : - i

Let UBAA = a and UAAC =3 ThenBBA, = a. Using that angles # andB, are
same, we gefIBB,C, = R. ThenC,CB = 3. If DACC, =y, we see thaliICAA =Y.
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ThereforelJAA B, = 3. Similarly, we see thailB BA=0UA C C=RandBBC=0B,CC
=0.
SinceJFBG = IBCG= 13, it follows thatFB is tangent to the circumcircle ABGCat B.
ThereforeFB? =FG - F C. SinceF A=F B, we getF A2=F G - F C This implies thaF
A is tangent to the circumcircle of AAGC at A. Thereforea = OGAF =LGCA=y. A
similar analysis givea = 0.
It follows that all the angles &ABC are equal and all the angles/ B,C, are equal.
HenceABCandA B,C, are equilateral triangles.

3. Leta, b, cbhe positive real numbers such that b + ¢ = 1. Prove that
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Solution : Observe that

A+ P+l = atbtc)+0®+F =(0®+ 8+ ) +a*(b+c) = 3abe+ a?b + a’e.
Hence
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UsingAM-HM inequality, we also have
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Thus we get
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Similarly, we get

and

Adding, we get
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4. Consider the following 3 x 2 array formed by using the numbers 1, 2, 3, 4, 5, 6:

21y g 1 &
Wy = 2 B,
@z G 3 4

Observe that all row sums are equal, but the sum of the squares is not the same for each
row. Extend the above array to a & array (a” )., for a suitablek, adding more columns,
using the numbers 7, 8, 9, . . k,saich that

3xk

kE k L L] L k
L“l,l_}_.“:l_l_}_.n-\]_l el :}_.:m_,]i—L[m;J:'E_L.:aJ_.]:‘.
a=] =1 2=l =1 =]

2=l

Solution : Consider the following extension:

2 5 1+6 6+6 3+(2-6) 4+(2-6)

1 6 3+6 446 24(2-6) 5+(2-6)
3 4 2+6 5+6 1+(2-6) 6+(2-6)

of
1 6
2 5
J 4
This reduces to
1 & 9 10 14 17
208 7T 12 16 16
3 4 B 11 13 18
Observe
G050 144+ 17=07 14654074 107 4 147 4 177 = T

PHEFTEIZH 154+ 16=5T 2455+ 79 +19% 1 157 + 16% = T3:
T+d+8 4114+ 13+ 18 =57 P +47+8° +112 + 13 + 18 = 703,

Thus, in the new arragll row sums are equal and the sum of the squares of entries in each
row are the same. Heke= 6 and we have added numbers from 7 to 18.

5. In atriangleABC, letH be the orthocenteand letD, E, Fbe the feet of altitudes frow,
B, Cto the opposite sides, respectivelgtL, M, Nbe midpoints of segmentédH, EF, BC,
respectivelyLet X, Ybe feet of altitudes frorh, N on to the lineDF. Prove thaiXM is
perpendicular tMY.

Solution : Observe thaAF HandHEA are right-angled triangles ahds the mid-point of
AH. HencelLF = LA = LE. Similarly, considering the right triangl&= CandBEC, we get
NF = NE SinceM is the mid-point of E it follows that(OLMF = ONMF = 9C° andL, M,
N are collinearSincelLY andNX are perpendiculars %Y, we conclude that FMLandF
XNM are cyclic quadrilaterals. Thus

OF LM =0F Y M andOF XM = OF NM.
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We also observe th@f Bis a right triangle antll is the mid-point oBC. HenceNF = NC.
We get
ONF C=0ONCF =90 - OB.
Similarly, LF = LA gives
OLF A = OLAF =90 -
We obtain
OLF N=0LF C +0NF C=0LF C+ 90 {IB =[JLF C + OLF A=0AF C = 90.
In trianglesyY MXandLF N, we have
OXY M=0OF Y M= [0OF LM =0F LN,
and
Oy XM= OF XM =0F NM =0F NL.
It follows that)Y MX= OLF N = 9(°?. Thereforer M [ MX.
6. Suppose 91 distinct positive integers greater than 1 are given such that there are at least 456
pairs among them which are relatively prime. Show that one can find four indedeis
d among them such thgtda, b = gcdb, 9 =gcdc, d =gcdd, a = 1.
Solution : Let the given integers ln;, a, ... ,ay, Takea 91 x 91 grid and color the cell
at (, j) black if gcda@, ! ) =1. Then at least 2 x 456 = 912 cells are colored bladkisif
the number of blackells in theith column, therpd > 912. Now
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Since there are on [ 2) distinct pairs of columns, there must be at least one pair of rows

(u, V) that occur with two distinct columisst Thus (1, 9,(u, 1),(v, 9 and ¢, t) are all black.
Thus if the integers corresponding to the columng s, tarea, c, b, drespectivelythen

gcda, b) = gedb, 9 =gedc, d =gedd, g = 1.
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