7 Approximation Day Quiz 2022

Celebration of 7 Approximation Day at Palonghat Cluster in association
with the Assam Academy of Mathematics, Cachar District Branch.

Pronoy Paul, Assistant Teacher cum
Cluster Resource Centre co-ordinator of
Palonghat Cluster under Narsinghpur Ed-
ucation block of Cachar district celebrated
7 Approximation Day on 22nd July this
year. The value of 22/7 matches with the
value of m upto two decimal places and
since 22nd July can be written as 22/7,
hence the celebration of this day.

A Quiz on mathematics was also or-
ganised through online mode to make the
subject interesting & popular among stu-
dents. Students of classes 10 and 11 par-
About 30 stu-
dents from Barak Valley participated in
it. The 1st rank holder Manish Paul, class
10 student of Ramanuj Vidya Mandir,

Silchar will receive the Late Forjan Ali

ticipated in this quiz.

Barbhuiya memorial award with Cash
money INR 3000 donated by Taiyabur
Rahman Barbhuiya, H.M. of Siraj Ud-
din Mazumder M. E. School, 2nd rank
holder Emon Acharjee , class 10 student

of Don Bosco School, Silchar will get Late

Monoranjan Nath memorial award with
Cash money INR 2500 donated by Ashish
Kanti Nath, H. T. of 379 No Hazi Mo-
zomil Ali L. P. School, 3rd rank holder
Himadri Dey, class 11 student of Nars-
ing Higher Secondary School, Silchar will
receive the Late Netra Sinha memorial
award with cash money INR 2000 do-
nated by Mrs. Bani Sinha, 4th rank
holder Shazida Parvin Mozumder, class
10 student of Badarpur Vidya Mandir,
Badarpur, Karimganj will receive the Late
Sena Chouba Sinha memorial award with
Cash money INR 1500 donated by Ajit
Sinha, Assistant Teacher of Baatan M. E.
School and the 5th rank holder Mehak
Afrose Choudhury, class 10 of Holy Flower
High School will receive the Late Geeta
Rani Paul memorial award with cash
money INR 1000 donated by Pronoy Paul,
Assistant Teacher cum C.R.C.C. of Pa-
longhat Cluster. All the participants were

given e-certificates.

We present the full quiz below.
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Total marks: 60 (15 in Part A and 45 in
Part B).

Instructions:

Part A

(i) This part contains knowledge type

problems related to mathematics.

(ii) There are 10 problems. Problems Al
to A5 carry 1 mark each. Problems
A6 to A10 carry 2 marks each. Total
marks in Part A is 15.

(iii) The answers of Part A problems are
of one word or a short answer of 5-6

words, if reason is asked.

(iv) Phonetically correct spellings are ac-
cepted if the answer is a person’s
name. However, in case of a tie, cor-

rect spellings will be preferred.

(v) A problem Am is starred if m is a pos-
itive multiple of 3 i.e., problems A3,
A6 and A9 are starred. Starred prob-

lems will be used to break ties.
Part B

(i) This part contains problems from
Algebra, Geometry, Number Theory

and Combinatorics.

(ii) There are 15 problems. Problems Bl
to B4 carry 2 marks each. Problems
B5 to B13 carry 3 marks each. Prob-
lems B14 and B15 carry 5 marks each.
Total marks in Part B is 45.

(iii) The answers of Part B problems are

integers from 00-99.

(iv) If the answer is a one-digit integer,
you are advised to put a 0 before it.
For example, if the answer is 7, you
are advised to write 07 and if the an-

swer is 0, you are advised to write 00.

(v) A problem Bn is starred if n is a
term of the arithmetic progression
with first term 2 and common differ-
ence 3 i.e., problems B2, B5, B8, B11
and B14 are starred. Starred prob-

lems will be used to break ties.

The test starts at 8:30 pm and ends at
10:00 pm sharp. Submit the answers at
9:58 or 9:59 pm to avoid any problem as
there is no system for automatic submis-
sion. You are advised to use 20 minutes
for Part A problems and remaining time
for Part B problems. Do not panic and

enjoy the problems.
All the best!

PROBLEMS
Part A

A1l: In the stamp shown below, iden-
tify the name of the mathematician hidden

in blue.

EFkIvEl 7102 VIHOM ERBIN®

ASAAALSALSSANSALSSSAANS

By

S A A n A A M A Mk AhsiAss A sy

Ganit Bikash | Volume 75 | October — December, 2022



A2: Identify this American cyclist who

also has a PhD in mathematics.

A3:x The image below shows an error

while loading a webpage.

w @ oAl A

€ C  © www.google.com/nosting

Google
-That's an error.

The requested URL /hosting was not found on
this server. That's all we know

Which number written before “That’s an

error.” is hidden in red?

A4: ‘X’ is a high-quality typesetting
software, which includes features for the
production of technical and scientific doc-
umentation. The literary meaning of ‘X’
is “a thick white liquid that is produced
by some plants and trees especially rub-
ber trees”. Identify ‘X’.

A5: In the Bible, the verse 23 of the
Old Testament, 1 Kings, Chapter 7 de-
scribes a vessel built at the order of King

Solomon.

Old Testament, 1 Kings, 7:23
Also he made a molten sea of ten cubits

from brim to brim,
round in compass, and five cubits the
height thereof;
and a line of thirty cubits did compass it
round about.

What is the mathematical fallacy of this?

A6:x When ‘X’ disclosed her true iden-
tity to “Y’, he replied:
How can | describe my astonishment and ad-
miration on seeing my esteemed correspon-
dent M. Le Blanc metamorphosed into this
celebrated person ... when a woman, be-
cause of her sex, our customs and preju-
dices, encounters infinitely more obstacles
than men in familiarising herself with [num-
ber theory's| knotty problems, yet overcomes
these fetters and penetrates that which is
most hidden, she doubtless has the noblest
courage, extraordinary talent, and superior
genius.
Identify ‘X’ and “Y”.

AT7: ‘X’ was a very well known math-
ematician, known for his work in game
theory, differential geometry and partial
differential equations. ‘X’ suffered from
schizophrenia during 1959-70 and returned
to academic work by the mid-1980s after
treatment. ‘Y’ is a film on the life of ‘X’
based on a book written by Sylvia Nasar

of the same name. Identify ‘X’ and ‘Y.

A8: In The Simpson’s episode “The
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Wizard of Evergreen Terrace”, ‘X’ writes
the equation 398712 + 4365'% = 4472'2 on
a blackboard, which appears to be a coun-
terexample to ‘Y’. The equation is wrong,
but it appears to be correct if entered
in a calculator with 10 significant figures.
Identify ‘X’ and ‘Y”.

A9:x Have a read of the following.

Sir, | bear a rhyme
excelling
In mystic force and magic spelling
Celestial sprites
elucidate
All my own striving
can't relate
Or locate they who
can cogitate
And so finally

terminate.

What punny name is given to these kind
of “literary undertakings”? What do they
help us do?

A10: Identify this mathematician.

Why was he in the news in 20067

Part B

B1: What is the remainder when 22016.
32018 . 72022 i5 divided by 437

B2:x Consider S; = x + y as the first
step. At each subsequent step, x gets
replaced by 2y and y gets replaced by
x. Thus, So = 2y + x, S3 = 2z + 2y,
S4 = 4y + 2z and so on. Define T;, as the
sum of the coefficients of x and y in S,, for
all n € N. For example, Ty =4+ 2 = 6.
What is the unit digit of Thgoo?

B3: ABCD is a parallelogram. P,
and R are points on sides AB, BC and
CD respectively. Let AQ intersect DP,
PR and BR at X, Y and Z respectively.
Let D@ intersect PR and BR at M and
N respectively. Suppose the areas of tri-
angles RMN and QNZ be 7 and 18 sq.
units respectively, and the areas of quadri-
laterals BPY Z and DXY M be 61 and 69
sq. units respectively. Find the area of
the triangle AXP (in sq. units). (Areas

are shown in figure below. Figure is not to

scale.)
D R C
7
69 18 Q
Z
Y
X 61
A P B

B4: Find the number of pairs of posi-
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tive integers (z,y) satisfying the equation
23 — (y!)? = 2022.

B5:x Consider a 6 by 6 square array of
points with a black dot in the centre as
shown in the figure. In how many ways
can a rectangle be constructed such that
its vertices are among the points of the ar-
ray and the black dot lies inside it? (Note
that a square is also a rectangle. A possible

rectangle is shown in the figure.)

(¢] (¢} (¢} e} e} (¢]

0O ¢--0--0--0 O
|
|
|
o & o o © o

I [} !
o 6--6-0-46 o0

B6: Let x1,29,- -
tegers such that z; + z;41 = 2022 for
1 <¢<49. Let N = z95 + x59. Find
the sum of the digits of V.

, x50 be positive in-

B7: A positive integer n is said to
be symmetric if the binary representation
of n reads the same backwards as for-
wards. For example, 21 = (10101)2 and
51 = (110011)2 are symmetric, whereas
13 = (1101)4 is not symmetric. How many
positive integers less than 29 are symmet-

ric?

B8:x Consider the polynomial equation
2% —62° 4 prt + g2t +ra? 4 sr+1=0,
where p,q,7r,s are real numbers. It is

given that all the roots of this equation

are positive real numbers (not necessarily
distinct). What is the value of p 4+ ¢ + r?

B9: What is the integer part of the

fraction

! ?

1 1 1
3016 T~ 2007 Tt 2039

B10: Let ag,aq,a9,---

numbers such that

,ag be real

(14 2)% =ap+ a1z +a2® + - + ag2®

for all z € C. What is the value of
(ao — a2+ ayg — a6)2 + (a1 — a3z + a5)2?

B11:x Let f(x) be a polynomial whose
coefficients are from the set {0,1,2}. If
f(3) =76, find the value of f(2).

B12: In how many ways can 22022

be expressed as the sum of four squares
of non-negative integers (the integers need
not be distinct)?

B13: The map of a town is shown be-
low. It is allowed to travel only “east”
and “north”, and not through the black
spots. How many different ways are there
to travel from A to B? (A possible path is
shown in the figure.)

LB

L
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B14:x The number of ways to place 6
non-attacking rooks in a 6 by 6 chessboard
such that no rooks are placed in the for-
bidden positions (which are denoted by x)
is N. Find the sum of the digits of N.
(A rook is a chess piece which can move
horizontally or wvertically on a chessboard

without jumping, but not diagonally.)

X X

B15: ABCD is a rectangle with AB =
6 units and BC = 4 units. E and F' are
the mid-points of sides AB and BC re-
spectively. B’ is the reflection of B about
EF, B” is the reflection of B’ about CD
and B" is the reflection of B” about AD
(see figure below). If AB” = /™ units,
where m and n are positive integers and
ged(m,n) = 1. What is the sum of the
digits of m + n?

B/l/ - B/l
D C
B'-
/ F
A E B

SOLUTIONS

Part A
A1l: Leonhard Euler.
A2: Anna Kiesenhofer.

A3: 404.
A4: LaTeX.
A5: It gives the value of 7w as 3 (7w =
circumference __ 30 __ 3)
diameter 10 :

A6: Sophie Germain, Carl Friedrich
Gauss.

AT7: John Nash, A Beautiful Mind.

AS8: Homer Simpson, Fermat’s Last The-
orem.

A9: Piems (7+Poem).
memorize .

A10: Grigori Perelmen. He declined the
Fields Medal.

They help us

Part B
B1: 09.

We get 22016,32018‘72022 — (2‘3_7)2016‘
(3-7%)2 = (—1)216. (=3)? = 9 (mod 43).

B2: 02.

Here, T} = 20+ 20 T3 = 2! 4 21
Ty = 22422 and so on. Therefore, T,,_; =
on=1 97—l and Ty, = 274271 = 3.2n 1,
Thus, Thpee = 3 - 21010 = 3. (24)252. 22 =
3:16%2.4=3-6-4=2 (mod 10).

B3: 19.

Let [*] denote the area of . Let
[DAX] = z and [MYZN] = y sq. units.
Note that [ADP] + [PRB] = [DAQ] =
1[ABCD]. So, (z+[AX P])+(7T+y+61) =
x+69+y+18 = [AXP] =19 sq. units.
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B4: 00.

Considering y > 3, ()2 = 0 (mod 9),
which gives 3 = 2022 = 6 (mod 9). But
cubes are congruent to 0,1,8 modulo 9.
Thus, y < 3. For y = 1 and 2, 23 = 2023
and 2026 respectively, which are both im-
possible. Thus, no such pairs of positive

integers (x,y) exist.
B5: 81.

Notice that a rectangle is uniquely de-
termined by a pair of opposite vertices.
The top right vertex can be chosen in 9
ways and the bottom left vertex can be
chosen in 9 ways so that it contains the
black dot. So the rectangle can overall be

chosen in 81 ways.

B6: 06.

Note that x; + x;41 = 2022 and z; 11 +
Zito = 2022. This gives x; = x;12. So all
the integers with odd subscripts are equal
to one another and all the integers with
even subscripts are also equal to one an-
other. So x95 = x1 and x50 = x9. Thus
N = x1 + xzo = 2022. So the sum of the
digits of IV is 6.

B7: 30.

In binary representation, 2° is 10°.
Thus, in binary, we look for symmetric
positive integers less than 10°. For such 1-
digit and 2-digit numbers, there are 19 and
115 only. Such 3-digit and 4-digit numbers

are of the form laly and laals respec-

tively, where a € {0,1}. Such 5-digit and
6-digit numbers are of the form labals and
labbalsy respectively, where a,b € {0,1}.
Such 7-digit and 8-digit numbers are of the
form labebals and labeebals respectively,
where a,b,c € {0,1}. Thus, the number of
symmetric positive integers less than 2° is
2x1+2x2+2x2242x23%=30.

B8: 10.

Let the roots of the equation be
r,r2, - ,r¢. Thus we have, ri + ro +
ce-+176 = 6 and r7r9---7¢ = 1. Since

all the roots are positive real numbers and
T+ re+---+716

5 =1 = riro---rg, We
have AM=GM. Therefore, ry =ro = --- =
r¢ = 1. Thus, p = (g) =15,q = —(g) =
—20, r = (2) =15 and s = —(g) = —6.
So,p+q+r=15—-20+ 15=10.

B9: &4.
We have,
1
1 1 1
2016 T 2017 T T 2039
1
> 1 1 1 2
m"‘m‘F‘i‘m( terms)
1
= =84
24XW
and
1
1 1 1
20106 T 2017 T T 2039
< 1
1 1 1
m—l-m—i-“'—l-m(%lterms)
1
= — =285.
24XM
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Therefore,

1
84 < < 85.

1 1 1
2016 T 2017 7" 1 2039

So, the required integer part is 84.
B10: 64.

Putting z = i we get (1+4)% = ag—az+
ay — ag + i(a; — az + as). Putting z = —i
we get (1 —1)% = ag—ag +as —ag —i(a; —
as + as). So, (ap — a2 + a4 — ag)? + (a1 —
ag +as)? = {(1+1)%(1 — )8} = 26 = 64.

B11: 27.

If f(r) = ax® + bx? + cx + d, then
f(3) = 3% + 3% + 3¢+ d = (abed)s
because a,b,c,d € {0,1,2}. Now since
76 = (2211)3,s0 a =2,b=2,c=1,d=1
and thus, f(z) = 223 + 222 + x + 1 giving
f(2)=27.

B12: 02.

Let 22022 = 2 + b2 + ¢ + d%. The num-
ber of odd integers in the set {a,b,c,d}
must be even. If there are two odd in-
tegers then a® + b? + ¢ + d?> = 2 (mod
4). If all the four numbers are odd then
a? 4+ b? +c® +d? = 4 (mod 8). So none
of the numbers a,b,c,d is odd. Then let
a = 2a1,b = 2by,¢c = 2¢1,d = 2dy. This
gives af + a3+ a3 +a3 = 22°?°. Continuing
this argument we arrive at four numbers
s,t,u,v such that s2 4 2 + u? + 0% = 22,
This gives possible expression as 22 =
224+0+0+0=1+1+1+1. So there

are only two ways in which 22°?2 can be

expressed as the sum of four squares and

these are 22922 = 22022 L 04 0 40 =
92020 | 92020 4 92020 | 92020

B13: 14.

Points P,Q, X,Y are named as shown

in the map below.

X

110
AR P

e There are 4 ways to travel from A to

P and 1 way to travel from P to B.

e There are 3 ways to travel from A to
@ and 1 way to travel from @ to B.

e There are 3 ways to travel from A to
X and 1 way to travel from X to B.

e There are 2 ways to travel from A to

Y and 2 ways to travel from Y to B.

So, the required number of ways is 4 x 14
3X14+3x1+2x2=14.

B14: 06.

We shall use inclusion and exclusion
principle to solve the the problem. The
number of ways to place 6 non-attacking
rooks in a 6 by 6 chess board without any
condition is 6!. This is because the first
rook can be place in any of the 6 places

of the first row, the second rook can be
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placed in any of the 5 places of the second
row (except the place below the first rook)

and so on.

Let rp denote the number of ways of
putting 6 non-attacking rooks in a 6 by 6
chessboard such that k of them are placed
in the forbidden positions. Note that in
our problem for £k > 4, r, = 0. For rq,
the rook in the forbidden place can be
placed in 6 ways (as there are 6 forbid-
den places) and the rest 5 rooks can be
placed anywhere on the chessboard in 5!
ways. So r; = 6 x 5! = 6!. For ro, The
two rooks must be placed in either row
1,2 or 3 and this can be done in (g) =3
ways and in each of these rows we have two
choices of forbidden positions. The other
four rooks can be placed in 4! ways. So
ro = 3x2%2x4! = 288. Again for r3, each of
the rooks must be placed in the first three
rows and there are two forbidden position
for each rook. The other three rooks can
be placed in the rest of the board in 3!
ways. So rg = 23 x 3! = 48.

So, the total number of ways is 6! — 6!+
288 —48 = 240. Therefore, the sum of dig-
itsof Nis2+4+4+0=6.

B15: 17.

Join BB'. Let P = EF N BB’ and
BM 1| AB. Let A = (0,0),B =
(6,0),C = (6,4),D = (0,4). By Pythago-
ras theorem, FF = V32 +22 = \/13.

B/// . B/I

A E M B

Clearly, ABPF ~ AEBF ~ AB'MB.

So we have,
BP EB B'M
BF FEF BB
BP 3 B'M

2 /13 BB’
6 !
Thus, BP = —— and hence BB’ =
12 13 36
2BP = — and B'M = —. Also we
v13 13
have,
EB _B'M _ 3 _ 2 g
BF MB ~2 MB C13
24 4
Therefore, AM = 6 — — = 5—
1 36 13 13
B = —, — . Th B" =
So, 1313 s

54 36 54 68
a4 )= (22 B" =
(13’ * 13) <13’ 13) and
54 68
(—13, 13) Therefore,
g P68 1450 [580
132 132 13"

So, m = 580,n = 13. Thus, m + n = 593
and the sum of the digits is 17.
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